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It is shown that the processes e+e− → π+π− and τ− → π−π0ντ can be described in a unified approach in

satisfactory agreement with experiment using the vector coupling constant gρ = 6. In this case, in addition to

quark loops, it is also necessary to take into account meson loops corresponding to the next order in 1/Nc. These

loops must be taken into account when describing the γ(W )→ ρ transition, as well as in interaction of mesons

in the final state.

I. INTRODUCTION

The study of the cross section of the e+e−→ π+π− process is of great interest for a deeper understanding of the internal

structure of mesons and determining the main parameters of vector mesons such as mass, width, coupling constant, and etc.

In addition, it is important to note that the cross section of the e+e−→ π+π− process gives more than 70% contribution to

the relation σ (e+e−→ hadrons)/σ (e+e−→ µ+µ−) used to determine the hadronic contribution to the anomalous magnetic

moment of the muon [1]. The e+e−→ π+π− process in the energy region < 1 GeV has been studied in many experiments

since the 60s of the last century [2–10]. In recent experiments in this energy range, the error has become less than 1% [11–15].

In this energy region, the channel with the intermediate resonance ρ(770) dominates in determining the total cross section.

The decay widths of ρ → e+e− and ρ → π+π− can be calculated using the vector coupling constant gρ . Current experi-

mental data [16] allow one to calculate the values of this constant gρ = 5 for the process ρ→ e+e− and gρ = 6 for the process

ρ → π+π−. In theoretical approaches within the vector dominance model, two different values of these constants were used

for the pion vector form factor and for the analysis of the e+e− → π+π− process cross section (see the work [? ] and refs

therein.) In the work [17], it was shown that these decays with the inclusion of one-loop meson diagrams corresponding to

1/Nc corrections can be described within the Nambu-Jona-Lasinio (NJL) model using a single value gρ =6.

The NJL quark model [18–26] allows us to describe many internal properties of mesons and the main types of strong,

electromagnetic, and weak processes of interaction of mesons at low energies in the leading order in 1/Nc, where Nc is the

number of colors in QCD. Note that when determining the internal parameters of the NJL model, the use of experimental

values for the weak pion decay constant Fπ = 92.4 MeV (π → µνµ ) and the strong decay constant gρ = 6 (ρ → ππ) leads to

the values of the constituent quark masses mu ≈md ≈ 270 MeV and the cut-off parameter for the quark loops Λq = 1265 MeV

[19, 23, 24, 26]. However, the description of the processes e+e− → π+π− and τ− → π−π0ντ within the NJL model using

only quarks loops (in the leading order in 1/Nc) and a single value gρ = 6 cannot be consistent with experimental data

with sufficient accuracy. In the present work, we show that taking into account meson loops (the next order in 1/Nc) in the
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transitions γ(W )→ ρ and ρ → ππ allows one to obtain results in agreement with experimental data for both processes in a

unified approach.

In the work [27], an attempt was made to take into account interactions of pions in the final state to study the processes

e+e−→ π+π− and τ−→ π−π0ντ within the NJL model. However, taking into account meson loops also makes a significant

contribution to the intermediate state in the γ(W )→ ρ transitions which will be shown in the present work.

In the work [28], a unitary approach was developed to account for corrections of final state interactions to tree level ampli-

tudes based on chiral perturbation theory (χPT) [29]. This approach differs significantly from the methods used in the NJL

model.

II. THE NJL MODEL LAGRANGIAN IN THE LEADING ORDER IN 1/Nc

The quark-meson interaction Lagrangian of the NJL model in the leading order in 1/Nc, which contains the vertices neces-

sary for studying the processes under consideration, takes the following form [19, 26]:

∆Lint = q̄

[
∑

j=±,0

(gρ

2
γ

µ
λρ j ρ

j
µ + igπ γ

5
λπ j π

j + igKγ
5
λK j K j

)
+

gω

2
γ

µ
λω ωµ + igKγ

5
λK̄0K̄0

]
q, (1)

where q and q̄ are u, d and s quark field triplets; λ are are linear combinations of the Gell-Mann matrices.

The quark-meson coupling constants

gρ = gω =

(
2
3

I2

)−1/2

, gπ =

(
4

Zπ

I20

)−1/2

, gK =

(
4

ZK
I11

)−1/2

, (2)

where

Zπ =

[
1−6

m2

M2
a1

]−1

, ZK =

[
1− 3(ms +mu)

2

2M2
K1A

]−1

, (3)

are additional renormalization constants that arise when taking into account a1− π and K1−K transitions; Ma1 = 1230±

40 MeV [16] is the mass of the axial-vector meson; mu ≈ md = m = 270 MeV and ms = 420 MeV are constituent quark

masses arising from spontaneous breaking of chiral symmetry [26]; MK1A is the effective mass resulting from the mixing of

the states K1(1270) and K1(1400)

MK1A =

[
sin2(α)

M2
K1(1270)

+
cos2(α)

M2
K1(1400)

]−1

, (4)

where α = 57◦ [30, 31].

The integrals appearing from quark loops as a result of the renormalization of the Lagrangian take the following form:

Inm =−i
Nc

(2π)4

∫
Θ(Λ2

q + k2)

(m2− k2)n(m2
s − k2)m d4k (5)

where Λq = 1265 MeV is the cutoff parameter and Nc = 3 is the number of color in QCD.

III. THE PROCESS e+e−→ π+π−

The diagrams describing the process e+e−→ π+π− in the leading order in 1/Nc are presented in Figs. 1, 2 and 3.
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Figure 1: The contact diagram for the process e+e−→ π+π− in the leading order in 1/Nc.

Figure 2: The diagram with the intermediate ρ meson for the process e+e−→ π+π− in the leading order in 1/Nc

In order to take into account 1/Nc corrections when calculating this process, it is necessary to consider an additional

transition of the photon to the intermediate ρ-meson through the meson loop and the interaction of pions in the final state.

The transition between the photon and the ρ0-meson through meson loops within the NJL model was obtained in [17]:

−2
√

παem

6q2 gρ

(
2Iρπ + IρK

)
, (6)

where

Iρπ =
1

16π2

[
2Λ

2
M +

(
q2−6M2

π

)
ln
(

1+
Λ2

M
M2

π

)
+2
(
2Λ

2
M +q2−4M2

π

)
D
(
Λ

2
M
)

arctan
1

D
(
Λ2

M

)
+2q2D(0)3 arctan

1
D(0)

]
− 3

8π2

[
Λ

2
M−M2

π ln
(

Λ2
M

M2
π

+1
)]

, (7)

D
(
Λ

2
M
)
=

√
4

Λ2
M +M2

π

q2 −1, (8)

where q is the W boson momentum; Iρπ and IρK correspond to π and K mesons loops; IρK is obtained from Iρπ with the

replacement of Mπ →MK .

The first term in (7) corresponds to the loop with two-vertices presented in Fig. 4 and the second term corresponds to the

tadpole diagram presented in Fig. 5.

The final state interaction can be taken into account by considering the meson triangle in the ρ0 → π+π− decay. This
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Figure 3: The diagram with the intermediate ω meson for the process e+e−→ π+π− in the leading order in 1/Nc

Figure 4: The diagram describing the meson loop with two vertices for the transition γ → ρ0

interaction was studied in the paper [27]. The corresponding corrections to the tree level-amplitude take the form:

ig3
ρ

[
I1M

M2
ρ

+ I2M

]
(p+− p−)

µ , (9)

where

I1M =
−i

(2π)4

∫
Θ
(
Λ2

M + k2
)

M2
ρ − k2 d4k =

1
(4π)2

[
Λ

2
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ρ ln

(
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M
M2

ρ

+1

)]
,
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−i

(2π)4

∫
Θ
(
Λ2

M + k2
)

(M2
ρ − k2)(M2

π − k2)
d4k =

1
(4π)2

1
M2

ρ −M2
π

[
M2

ρ ln

(
Λ2

M
M2

ρ

+1

)
−M2

π ln
(

Λ2
M

M2
π

+1
)]

, (10)

ΛM is the meson loop cutoff parameter.

The amplitude of the process e+e−→ π+π− with corrections from meson loops takes the following form:

M =−4παem

q2

[(
Tc +Tρ +Tρω

)(
1+T4

)
+T◦

]
lµ (p+− p−)

µ , (11)

where q is the momentum of the intermediate photon; Tc, Tρ and Tρω are the contributions from the contact diagram and

diagrams with the intermediate ρ and ω mesons

Tc = 1,

Tρ =
q2

M2
ρ −q2− i

√
q2Γρ

,

Tρω =
g2

ρ

9
q4 (I20(u)− I20(d))(

M2
ρ −q2− i

√
q2Γρ

)(
M2

ω −q2− i
√

q2Γω

) ,
where the factor

T4 = g2
ρ

(
I1M

M2
ρ

+ I2M

)
(12)
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Figure 5: The tadpole diagram describing the transition γ → ρ0

corresponds to the correction from final state interaction. The term T◦ describes the correction from the meson loop in the

intermediate state in the γ → ρ transition

T◦ =
g2

ρ

6
(
2Iρπ + IρK

) q2

M2
ρ −q2− i

√
q2Γρ

. (13)

For the width of the intermediate ρ meson, we will use a function of energy in the form Γρ → Γρ(q2)

Γρ(q2) =
g2

ρ

48πq2

(
q2−4M2

π

)3/2
. (14)

The integrals I20(u) and I20(d) are given in (5) with the replacement of mu with md . The difference in the masses of these

quarks is taken as 4 MeV [19, 27]. The contribution of the term Tρω practically does not affect the height of the cross-section

dependence graph due to the small value of the difference I2(u)− I2(d) and the factor 1/9 in the amplitude. At the same time,

it affects its shape. We fix the value of the cutoff parameter for meson loops equal to ΛM = 650 MeV based on the known

experimental data of the cross section (Figure 6)ΛM = 650 MeV.

IV. THE PROCESS τ−→ π−π0ντ

The hadron current obtained in the process e+e− → π+π− is associated with the decay τ− → π−π0ντ by the isospin

transformation in the framework of the Conserved Vector Current theorem (CVC) [32, 34]. The cross section of the process

e+e−→ π+π− can be represented through the spectral hadron function vππ(s).

σ(e+e−→ π
+

π
−) =

(
4π2α2

em

s

)
vππ(s). (15)

The appropriate differential width of the decay τ−→ π−π0ντ takes the form

dΓ(τ−→ π−π0ντ)

dq2 =
G2

FV 2
udSππ

EW

32π2M3
τ

(
M2

τ −q2)2 (
M2

τ +2q2)vππ0
(q2), (16)

where in the framework of CVC vππ(s) = vππ0
(q2), s = q2.

Defining the spectral hadron function for the process e+e−→ π+π− within the CVC, one can obtain the estimation for the

branching fractions of the decay τ−→ π−π0ντ

Br(τ−→ π
−

π
0
ντ) = (26.2±1.3)%. (17)

The performed calculations show that the considered processes have the main contribution from the vector channel with

the ρ meson. In the 1/Nc corrections, the main contribution is given by the pion loops. Therefore, the uncertainty in the

SU(2)×SU(2) model is estimated as 5% [35]. This result is in the agreement with the experimental data [16]:

Br(τ−→ π
−

π
0
ντ)exp = (25.5±0.1)% (18)
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Figure 6: The comparison of the total cross section obtained in the framework of the NJL model for the process

e+e−→ π+π− with the experimental data of the SND [10] and BES III [14] collaborations

The use of the spectral hadronic function within the CVC is possible due to the presence of only a vector channel in both

processes. It should be note that by using the spectral hadron function for the decay τ− → π−π0ντ , we do not take into

account the contribution Tρω in the amplitude due to the absence of the ω meson in the intermediate state. The calculated

invariant mass Mππ0 distribution for the τ decay and its comparison with the experimental data are shown in Fig. 7.

It is important to note that the estimation for the branching fraction of τ−→ π−π0ντ can be obtained by direct calculation

as it has been done for the process e+e−→ π+π−. The one-loop meson correction in the final state in this process is described

similarly to the process e+e−→ π+π−. To take into account the correction in the intermediate state, it is necessary to obtain

the transition W− → ρ− through the meson loops. This transition differs from the transition γ → ρ0 by the presence of

additional diagrams (Figures 8 and 9). However, the calculations show that the structure of this transition is similar to the case

γ → ρ0 and differs only by the numeric coefficient:

−21/4 MW GFVud

6q2 gρ

(
2Iρπ + IρK

)
. (19)

As a result, the amplitude of the process τ−→ π−π0ντ taking into account the 1/Nc corrections mentioned above takes the

form

M =−GFVud
{[

Tc +Tρ

][
1+T4

]
+T◦

}
Lµ (p−− p0)

µ , (20)

where Lµ is the week lepton current.

As one can see, the structure of this amplitude is mostly similar to the structure of the amplitude of the process e+e− →
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Figure 7: The calculated invariant mass Mππ0 distribution for the process τ → π−π0ντ . The experimental data taken from

[33]

Figure 8: The two-vertices meson loop of the transition W−→ ρ−

π+π−. However, this amplitude does not include the contribution from the ω meson. And taking into account the one-loop

1/Nc corrections has not led to the break of CVC.

The value of the cut-off parameter for the meson loops ΛM = 650 MeV obtained above is used for the calculation of the

branching fractions

Br(τ−→ π
−

π
0
ντ) = (26.6±1.3)% (21)

This result in the framework of the model errors is in agreement with the result (??) obtained above by using the spectral

function within CVC (17).

V. CONCLUSION

The calculations in the framework of the NJL model show that two important processes e+e−→ π+π− and τ−→ π−π0ντ

can be described by using the single value of the vector coupling constant gρ = 6. For this purpose, both contributions

from the quark loops and additional corrections from the meson loops corresponding to the next-to-leading order in the 1/Nc

expansion were considered. Indeed, direct calculations of the process e+e− → π+π− cross section and the width of the
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Figure 9: The tadpole diagram describing the transition W−→ ρ−

decay τ−→ π−π0ντ by using the equal value of the constant gρ in the transitions γ → ρ0 and W−→ ρ− and in the decays

ρ0 → π+π− and ρ− → π−pi0 lead to consistent results in satisfactory agreement with the experimental data, wherein the

single cut-off parameter for the meson loops is used ΛM = 650 MeV.

The width of the decay τ−→ π−π0ντ can also be obtained from the process e+e−→ π+π− using the Conserved Vector

Current theorem. The use of CVC becomes possible because the decay τ− → π−π0ντ is fully determined by the vector

channel. It is necessary to note that this fact differs this process from the other τ decay modes where the main contributions

are given by the axial vector channels [35] and such transformation by using CVC is impossible.

The model predictions for the distribution of invariant masses Mππ and the comparison with the experimental data [34] are

represented in Fig. 7. In the energy range above 1 GeV the theoretical data diverge from the experiment. In our opinion, this

is because in the present work the contributions from the excited meson states and mainly from the meson ρ(1450) are not

taken into account [33, 34].
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